I. INTRODUCTION
In this paper we present new theoretical results for the steady states of homogeneously broadened, detuned ring laser with a saturable absorber. This work is part of a general study of the time-dependent and time-independent solutions of this system. The results given here represent a step forward in our ability to incorporate cavity detuning into the treatment of this system and to allow different resonant frequencies for the absorbing and amplifying atoms. We will present results on the stability of the steady-state solutions in a later paper.
Recent theoretical investigations of instabilities, bifurcations, and dynamical behavior in this system have so far been restricted to the "fully tuned" case, in which the resonant frequencies of the amplifying and absorbing atoms are equal and match the cavity tuning (for example, Refs. l -4). We are able to lift both of these restrictions, and can therefore examine the dependence of the possible steady-state solutions on the cavity tuning, and on the frequency mismatch between the amplifying and absorbing atoms. We have found that detuning the cavity removes degeneracies otherwise present in the steady-state solutions, suggesting that there may also be interesting departures from the stability behavior found in the fully tuned case. ' Similar effects of detuning on the steady-state solutions for a model of the far-infrared laser have been found by Wu and Mandel.
An additional feature of our method is the ability to compute the longitudinal dependences of the state variables describing the system, and thereby to allow for nonsaturable losses. In the present paper we derive the full solutions with longitudinal dependence, simulating arbitrary nonsaturable losses by assuming mirrors of arbitrary reflectivity. In order to simplify Abraham, Mandel, and Narducci. ' Lasers with intracavity saturable absorbers have been of experimental interest for many years in such applications as spectroscopy, ' ' frequency stabilization, ' and mode locking, self-pulsing, and pulse shaping. ' Careful experimental studies of the dynamical behavior of these systems have now been undertaken by a number of workers. ' ' Bistability ' ' and Q switching' ' ' have been particularly studied. This exciting work has stimulated the further development of theoretical models ' in addition to testing the dynamical predictions of the theorists. "' ' The theoretical and experimental study of bistability reported in Ref. 8 '=4
The preceding results may be simplified greatly by applying the uniform-field approximation. " As is usual in uniform-field treatments, the excitation of each medium is expressed by a "lumped parameter" containing the ratio of the number N of active atoms to the mirror transmis-sivity T, multiplied by the cell length L. For the amplifying and absorbing media, we define these, respectively, by
We will later refer to 2 and B as the "excitation parameters" for the system, or simply as the "excitations" of the respective media. Eventually we will specify a value for B, and will then sometimes refer to 2 alone as the excitation parameter or merely as the excitation. The uniformfield approximation amounts to a limiting procedure in which N, L~0, Nb L~0, and T~0, while 3 and B are fixed at chosen finite values. It is also assumed that the lumped parameters 3 and B can be maintained constant or varied independently of other parameters, even though some quantities, such as coo, may vary with operating conditions. Physically, this limiting process corresponds to making the media optically thin while decreasing the nonsaturable losses in the cavity, in such a way that the intensity remains finite. In this limit, the state variables become independent of position z, and, when appropriately defined, of the individual values of T, L, N"and Nb.
The uniform-field approximation is typically applied to the fundamental semiclassical or quantum equations used in the model before attempting to solve them, thereby eliminating the troublesome z derivative of the electric field. This method is used in Refs. 1(a) and 2(b). In our approach, we apply it instead to the longitudinally dependent solutions found above. We do this by first expanding our solutions (2. 14) for I E (0) I and b, @OL in powers of T. We anticipate that terms in powers of T higher than the first will be eradicated by the limiting process, and drop these immediately. With one exception, the remaining first powers of T can be combined with the quantities L, N, coo, and Nbcoo, and thus be absorbed into the constant parameters 3 and B. The exception occurs in the uniform-field expression for the total phase shift b, yoL, which retains an overall proportionality to T. However, we shall find that we can work instead with the quantity G(coo) = (b,qP~t /T), which we call the "phaseshift -transmissivity ratio, " or, when the context is clear, the "phase-shift function. " This total quantity remains finite in the uniform-field limit, and is independent of the separate values of T, L, N"and Nb, but does depend on the lumped parameters 3 and B. The physical significance of this behavior of AcpoL is that it becomes proportional to the number of active atoms in the medium as the medium becomes optically thin. Ace,~--0. The cavity linewidths and detunings are (a) and (b), v =0. 40y&, ' Ace"=0.0y&, is shown by dot ted curves, and Ace"=0.030y&, is shown by solid curves for primary solutions and dashed curves for secondary solutions; and (c) and (d), K=0.065y&"' Ace"=O. Oy~, is shown by dotted curves, and Ace"=2.5 &( 10 y& is shown by solid curves for primary solutions and dashed curves for secondary solutions. Sections through the plots of (a) and (b) at 2=3.02I"correspond to sections through the plots of Figs. 4(a) and 4(b) at cavity-detuning values of Ace"=O. Oyq, and hen"=0.030y~, . Sections through the plots of (c) Fig. 2 . Intersections on the primary or secondary branch in Fig. 3 give solutions on the corresponding branch in Fig. 2 The linewidth values are 0.40y&"0.125@~"and 0.065@~, (that is, 40.0X10, 12.5 X 10, and 6.5 X 10 sec '), in Figs. 4(a) and (4b), 4(c) and 4(d), and 4(e) and 4(f), respectively. These solutions appear in a sudden, bifurcationlike fashion, as the cavity detuning is scanned. These features suggest the possible appearance of bistability, hysteresis, instabilities, jumps in intensity and frequency, multiple frequencies, and pulsing in the tuning behavior of the laser. Such speculations are complicated by the nonlinearity of the system, which prevents a linear combination of solutions from being itself a solution. We are conducting a stability analysis of these solutions in order to clarify such questions, and will report the results elsewhere. The plots for squared electric field are symmetric about zero detuning (cavity tuned to amplifying atom line center), and the plots of operating frequency have inversion centers at zero detuning. In all these plots, the amplifier excitation 2 =3.02I", corresponding to Figs. 2 and 3. Small breaks in the curves are numerical artifacts occurring at the ends of single-valued branches. (0.25 X 10 sec ') (solid and dashed curves). Sections of these plots at an excitation value of 3.02I, are likewise comparable to sections of Figs. 4(e) and 4(f) for corresponding detuning values. As above, the cavity linewidth has a notable effect on the shape of these plots. However, the effect of detuning in this case is particularly remarkable.
In the case of variable excitation with zero detuning, there is a pair of solutions which are degenerate with respect to squared electric field but not with respect to operating frequency. These are the first solutions to appear as the excitation parameter 2 is increased from zero, and they appear simultaneously. The effect of detuning the cavity away from the linecenter frequency of the media is to split both types of degeneracy. Thus, as the excitation parameter A increases from zero, two branches of solutions having different intensities appear at slightly different values of the excitation parameter. These branches never meet at a common point, but instead separate further as the excitation increases. As the excitation becomes high enough, the high-intensity branch persists while the low-intensity branch disappears, as in the tuned case. For sufficiently high cavity linewidth, the low-intensity branch is multivalued, both in intensity and in operating frequency, while for sufficiently low cavity linewidth this is true of the high-intensity branch instead.
For low cavity linewidth, the plot of operating frequency versus excitation parameter shows that a jump in intensity in the detuned system is always accompanied by a jump in frequency, this is not necessarily the case in the correspond-ing tuned system. (See Fig. 5. (a) and (b),~=0.40y&, ', (c) and (d),~=0.125y&, , and (e) and (f), =0.065y&"where yz, --100)& 10 sec ' in all cases. Solid curves represent primary solutions and dashed curves, secondary solutions. These curves are topologically like those of Fig. 4 , but are asymmetric due to the offset in the line-center frequencies of the amphfying and absorbing media. Because of this, the degree of mutlivaluedness of some of these plots is different from that of the corresponding plots in Fig. 4 Such an analysis is presently underway and will be reported separately.
